























REGULARITY OF SOLUTIONS TO A VEKUA-TYPE EQUATION ON COMPACT LIE
GROUPS
WAGNER AUGUSTO ALMEIDA DE MORAES
ABSTRACT. We present sufficient conditions to have global hypoellipticity for a class of Vekua-type oper-
ators defined on a compact Lie group. When the group has the property that every non-trivial representation
is not self-dual we show that these sufficient conditions are also necessary. We also present results about
the global solvability for this class of operators.
1. INTRODUCTION AND PRELIMINARIES RESULTS
In this paper, we are interested in the study of global properties for a class of operators defined
on a compact Lie group G. We will present necessary and sufficient conditions to obtain the global
hypoellipticity and the global solvability of the operator P : C∞(G)→C∞(G) given by
(1.1) Pu := Xu−qu− pu,
where X is a normalized vector field on G and p,q ∈ C, with p 6= 0. The case p = 0 was studied in
[5]. Notice that when p 6= 0 the operator P is R-linear but is not C-linear. We say that P is globally
hypoelliptic if the conditions u ∈ D ′(G) and Pu ∈C∞(G) imply u ∈C∞(G).
The local solvability for classes of such operators was considered in [6] and [7] and the global solv-
ability on the torus T2 was studied in [1] in the case where G = T2.
Our results were inspired by the article [1] by A. Bergamasco, P. Dattori, and A. Meziani, where the
authors consider the case G = T2 and they use Fourier analysis to obtain their results. Since the Fourier
analysis on compact Lie groups is well developed, we were able to give sufficient and necessary condi-
tions for the global hypoellipticity of the operator P given in (1.1) and for the necessary condition we
were led to assume that every non-trivial representation of G is not self-dual. With this same assumption
we have discussed the global solvability of P, but using a different notion of solvability from the one
considered on [1].
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In [10], M. Ruzhansky, V. Turunen, and J. Wirth have given sufficient conditions for the global hy-
poellipticity for a class of pseudo-differential operators on compact Lie groups in terms of their matrix-
valued full symbols, that will be defined on (1.6). This approach works well in the case where p = 0 (see
[5]) because in this case, the operator P is linear. When p 6= 0, even P being a left-invariant operator,
its symbol depends on x ∈ G, so we do not have the expected property P̂u(ξ ) = σP(ξ )û(ξ ), for every
[ξ ] ∈ Ĝ. For this reason, our approach will be done by analyzing the Fourier coefficients of Pu at ξ and
ξ̄ to obtain a suitable expression that relates Pu and u.
In Section 2 we present sufficient conditions for the global hypoellipticity of the operator P. In
Section 3 we present necessary conditions for the global hypoellipticity of the operator P when G has
the property that its non-trivial representations are not self-dual. In Section 4 we discuss the global
solvability of the operator P with the same additional hypothesis from Section 3. In Section 5 we study
the operator P on SU(2), which is a compact Lie group where every representation is self-dual.
Throughout this paper, we will use the notation and results about Fourier analysis on compact Lie
groups based on the book by M. Ruzhansky and V. Turunen [8] to study the global hypoellipticity and
the global solvability of the operator P defined on (1.1).
Let G be a compact Lie group and let Rep(G) be the set of continuous irreducible unitary representa-
tions of G. By the compactness of G every φ ∈ Rep(G) has finite dimension and it can be viewed as a
matrix-valued function φ : G →Cdφ×dφ , where dφ = dimφ . We say that φ ∼ ψ if there exists an unitary
matrix A ∈Cdφ×dφ such that Aφ(x) = ψ(x)A, for all x ∈ G. We will denote by Ĝ the quotient of Rep(G)
by this equivalence relation. Given φ ∈ Rep(G), we define its conjugate representation φ : G → Cdφ×dφ
as φ (x) := φ(x) and we have that φ ∈ Rep(G). When φ ∼ φ we say that φ is a self-dual representation.





where dx is the normalized Haar measure on G. By the Peter-Wyel theorem, we have that
(1.2) B :=
{√
dimφ φi j ; φ = (φi j)
dφ
i, j=1, [φ ] ∈ Ĝ
}
,
is an orthonormal basis for L2(G), where we pick only one matrix unitary representation in each class
of equivalence, and we may write
f (x) = ∑
[φ ]∈Ĝ
dφ Tr(φ(x) f̂ (φ)).
and the Plancherel formula holds:
















∣∣ f̂ (φ)i j
∣∣2.
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For each [φ ] ∈ Ĝ, its matrix elements are eigenfunctions of the Laplace-Beltrami operator LG corre-
spondent to the same eigenvalue −ν[φ ], where ν[φ ] ≥ 0. Thus
−LGφi j(x) = ν[φ ]φi j(x), for all 1 ≤ i, j ≤ dφ ,





the eigenvalues of (I −LG)1/2.
It is possible to characterize smooth functions and distributions on G by relations between their
Fourier coefficients at φ and 〈φ〉. Precisely, we have
(1) f ∈C∞(G) if and only if for each N > 0, there exists CN > 0 such that
(1.4) | f̂ (φ)i j| ≤CN〈φ〉−N ,
for all [φ ] ∈ Ĝ and 1 ≤ i, j ≤ dφ .
(2) u ∈ D ′(G) if and only if there exist C, N > 0 such that
(1.5) |û(φ)i j| ≤C〈φ〉N ,





For x ∈ G, X ∈ g and f ∈C∞(G), we define







Notice that X f (x) = X f (x), for all x ∈ G, X ∈ g and f ∈C∞(G).
The symbol of a continuous linear operator P : C∞(G) → C∞(G) in x ∈ G and φ ∈ Rep(G), φ =
(φi j)
dφ
i, j=1 is defined by
(1.6) σP(x,φ) := φ(x)
∗(Pφ)(x) ∈ Cdφ×dφ ,
where (Pφ)(x)i j := (Pφi j)(x), for all 1 ≤ i, j ≤ dφ , and we have the following quantization






of the operator P, for every f ∈ C∞(G) and x ∈ G. When P : C∞(G) → C∞(G) is a continuous linear
left-invariant operator its symbol σP is independent of x ∈ G and
P̂ f (φ) = σP(φ) f̂ (φ),
for all f ∈C∞(G) and [φ ] ∈ Ĝ.
Let X ∈ g be a vector field normalized by the norm induced by the Killing form. It is easy to see that
the operator iX is a left-invariant symmetric operator on L2(G). Thus, for all [φ ] ∈ Ĝ we can choose a
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representative φ such that σiX(φ) is a diagonal matrix, with entries λm ∈R, 1 ≤ m ≤ dφ . By the linearity
of the symbol, we obtain
σX(φ)mn = iλmδmn, λ j ∈R.




for all [φ ] ∈ Ĝ and 1 ≤ m ≤ dφ .
2. SUFFICIENT CONDITIONS FOR THE GLOBAL HYPOELLIPTICITY
Let G be a compact Lie group and X ∈ g be a normalized vector field. In this section we deal with the
global hypoellipticity of the operator P : C∞(G)→C∞(G) given by
Pu := Xu−qu− pū,
where p,q ∈ C, with p 6= 0. The case p = 0 was studied in [5]. For u ∈ D ′(G), we define its conjugate
ū by
〈ū,ϕ〉 := 〈u, ϕ̄〉, ϕ ∈C∞(G)
and it is clear that ū ∈ D ′(G). Hence, we can extend the operator P to the space of distributions D ′(G).
We recall that the operator P is globally hypoelliptic if the conditions u ∈ D ′(G) and Pu ∈ C∞(G)
imply u ∈C∞(G).
Our goal is to obtain necessary and sufficient conditions for the global hypoellipticity of P and for
this we will analyze the behavior of the Fourier coefficients of Pu.
First, for each [ξ ] ∈ Ĝ we choose a representative such that
σX(ξ )mn = iλm(ξ )δmn and σX(ξ̄ )mn =−iλm(ξ )δmn,
for 1 ≤ m,n ≤ dξ , where δmn is the Kronecker’s delta. This assumption means that if [ξ ] 6∼ [ξ ], then the
representatives chosen for each one of this equivalence classes satisfy ξ (x) = ξ (x), for all x ∈ G. Notice
that with this choice we have λm(ξ̄ ) =−λm(ξ ), for all [ξ ] ∈ Ĝ, 1 ≤ m ≤ dξ .
Hence, for [ξ ] ∈ Ĝ we obtain
P̂u(ξ )mn = X̂u(ξ )mn −qû(ξ )mn − p̂̄u(ξ )mn
= [σX(ξ )û(ξ )]mn −qû(ξ )mn − p̂̄u(ξ )mn
= (iλm(ξ )−q)û(ξ )mn − p̂̄u(ξ )mn
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Similarly,






−qû(ξ̄ )mn − pû(ξ )mn
= (iλm(ξ̄ )−q)û(ξ̄ )mn − pû(ξ )mn
= (−iλm(ξ )−q)û(ξ̄ )mn − pû(ξ )mn





P̂u(ξ )mn = (iλm(ξ )−q)û(ξ )mn −p̂̄u(ξ )mn
P̂u(ξ )mn = − p̄û(ξ )mn +(iλm(ξ )− q̄)̂̄u(ξ )mn
Denote
(2.2) ∆(ξ )m :=−λm(ξ )2 + |q|2 −|p|2 − i2λm(ξ )Re(q).
and by (2.1) we obtain
(2.3) ∆(ξ )mû(ξ )mn = (iλm(ξ )− q̄)P̂u(ξ )mn + pP̂u(ξ )mn
Theorem 2.1. The operator P : D ′(G)→ D ′(G) given by
Pu := Xu−qu− pū
is globally hypoelliptic if one of the following statements holds
(1) |p|> |q|;
(2) |p|< |q| and Re(q) 6= 0;
(3) ∃M > 0 such that
〈ξ 〉 ≥ M =⇒
∣∣∣λm(ξ )2 − (|q|2 −|p|2)
∣∣∣≥ 〈ξ 〉−M,
for all 1 ≤ m ≤ dξ .
Proof. Let u ∈ D ′(G) such that Pu = f ∈ C∞(G). Let us prove that u ∈ C∞(G) if one of the three
statements above holds. Since f ∈C∞(G), for all N > 0 there exists CN > 0 such that
(2.4) | f̂ (ξ )mn| ≤CN〈ξ 〉−N , 1 ≤ m,n ≤ dξ , [ξ ] ∈ Ĝ,
and the same estimate is valid for f .
Assume that 1. holds, that is, |p|> |q|. In this case, we have
|∆(ξ )m| ≥ |Re(∆(ξ )m)|= |−λm(ξ )2 + |q|2 −|p|2| ≥ |p|2 −|q|2 > 0.
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|iλm(ξ )− q̄|| f̂ (ξ )mn|+ |p|| f̂ (ξ )mn|
)
≤ 1|p|2 −|q|2 (|λm(ξ )|| f̂ (ξ )mn|+ |q̄|| f̂ (ξ )mn|+ |p|| f̂ (ξ )mn|)
≤ 1|p|2 −|q|2 (〈ξ 〉| f̂ (ξ )mn|+ |q|| f̂ (ξ )mn|+ |p|| f̂ (ξ )mn|).







and we conclude that u ∈C∞(G) by (1.4).
Assume now that 2. holds, that is, |p|< |q| and Re(q) 6= 0. If |λm(ξ )|2 ≤ 12(|q|2 −|p|2) then
|∆(ξ )m|2 ≥ |Re(∆(ξ )m)|2 = (−λm(ξ )2 + |q|2 −|p|2)2 ≥
1
4
(|q|2 −|p|2)2 > 0.
On the other hand, if |λm(ξ )|2 > 12(|q|2 −|p|2) then
|∆(ξ )m|2 ≥ |Im(∆(ξ )m)|2 = 4Re(q)2λm(ξ )2 ≥ 2Re(q)2(|q|2 −|p|2)> 0.
Thus we obtain C > 0 such that
|∆(ξ )m| ≥C,
for all [ξ ] ∈ Ĝ, and 1 ≤ m ≤ dξ . Analogously to the previous case we conclude that u ∈C∞(G).
Finally, assume that 3. holds, so there exists M > 0 such that
∣∣∣λm(ξ )2 − (|q|2 −|p|2)
∣∣∣≥ 〈ξ 〉−M,
for all 1 ≤ m ≤ dξ , whenever 〈ξ 〉 ≥ M. Hence, for 〈ξ 〉 ≥ M we have
|∆(ξ )m| ≥ |Re(∆(ξ )m)|= |−λm(ξ )2 + |q|2 −|p|2| ≥ 〈ξ 〉−M.
Following the same steps as the first case, we obtain
|û(ξ )mn| ≤ 〈ξ 〉M(〈ξ 〉| f̂ (ξ )mn|+ |q|| f̂ (ξ )mn|+ |p|| f̂ (ξ )mn|).
Using the fact that f ∈C∞(G), for N > 0 we have
|û(ξ )mn| ≤ (CN+M+1 +CN+M(|q|+ |p|))〈ξ 〉−N ,
for all 1 ≤ m,n ≤ dξ , whenever 〈ξ 〉 ≥ M. Since the set
{[ξ ] ∈ Ĝ;〈ξ 〉< M}
is finite, we can obtain C′N > 0 for each N > 0, such that
|û(ξ )mn| ≤C′N〈ξ 〉−N ,
for all [ξ ] ∈ Ĝ, and 1 ≤ m,n ≤ dξ . Therefore u ∈C∞(G) and the theorem is proved. 
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Example 2.2. Let G be a compact Lie group and let X ∈ g. Consider the operator P1 defined by
P1u := Xu− iu−2u,
that is, p = 2 and q = i. From the condition 1 of Theorem 2.1 the operator P1 is globally hypoelliptic.
Consider now the operator P2 given by
P2u := Xu−6u− (3+4i)u,
that is, p= 3+4i and q= 6. From the condition 2 of Theorem 2.1 the operator P2 is globally hypoelliptic.
To give an example where we need to apply the condition 3 of Theorem 2.1 we need to know the
behavior of the symbol of X . For the next example, we will follow the notation and results from [9] and
Chapter 11 of [8] to analyze an operator defined on SU(2).
Example 2.3. Let G = SU(2) and let ŜU(2) be the unitary dual of SU(2), that is, ŜU(2) consists of
equivalence classes [tℓ] of continuous irreducible unitary representations tℓ : SU(2) → C(2ℓ+1)×(2ℓ+1),
ℓ ∈ 1
2
N0, of matrix-valued functions satisfying t
ℓ(xy) = tℓ(x)tℓ(y) and tℓ(x)∗ = tℓ(x)−1 for all x,y ∈
SU(2). We will use the standard convention of enumerating the matrix elements tℓmn of t
ℓ using indices












Let X = ∂0, where ∂0 is the neutral operator. There is no loss of generality assuming that the vector
field is ∂0 because all vector fields define on SU(2) can be conjugated to ∂0 and this conjugation does
not affect lower order terms. We have that σ∂0(ℓ)mn = imδmn, for all ℓ ∈ 12N0, that is,
λm(ℓ) = m,
for all ℓ ∈ 1
2
N0, −ℓ≤ m ≤ ℓ with ℓ−m ∈N0.
Consider the operator P3 given by




that is, p = 1√
3













for all m ∈ 1
2
Z. Therefore, the operator P3 is globally hypoelliptic by the condition 3 of Theorem 2.1.
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3. NECESSARY CONDITIONS FOR THE GLOBAL HYPOELLIPTICITY
The Theorem 2.1 gives us sufficient conditions for the global hypoellipticity of the operator P. Our
next result says that these conditions are also necessary for the global hypoellipticity of P in the case
where we have [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ. The next proposition gives us the first necessary
condition for the global hypoellipticity of G.
Proposition 3.1. Assume that [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ. If ∆(ξ )m = 0 for infinitely many
[ξ ] ∈ Ĝ, 1 ≤ m ≤ dξ , then P is not globally hypoelliptic.
Proof. Let {[ξ j]} j∈N be a sequence in Ĝ such that ∆(ξ j)m j = 0, for some 1 ≤ m j ≤ dξ j . We may assume
that ξ j 6= ξk, for any j,k ∈ N. Since
∆(ξ )m =−λm(ξ )2 + |q|2 −|p|2 − i2λm(ξ )Re(q),
and λm(ξ̄ ) =−λm(ξ ), we have
∆(ξ̄ )m = ∆(ξ )m,





iλm j(ξ j)− q̄, if [ξ ] = [ξ j], m = m j
p, if [ξ ] = [ξ j], m = m j
0, otherwise.
Notice that û(ξ )mn is well–defined because our assumption [ξ ] 6= [ξ̄ ], for all non-trivial representation.
Let us prove that û(ξ )mn is the Fourier coefficient of a distribution u ∈ D ′(G) that is not a smooth
function. Indeed, we have





for all 1 ≤ m,n ≤ dξ j , and





for all 1 ≤ m,n ≤ dξ̄ j . Hence for C = max{1+ |q|, |p|}, we have
|û(ξ )mn| ≤C〈ξ 〉,
for all [ξ ] ∈ Ĝ, 1 ≤ m,n ≤ dξ , which implies that u ∈ D ′(G) by (1.5). Notice that
|û(ξ̄ j)m jn|= |p| 6= 0,
for all j ∈N, so we conclude that u ∈ D ′(G)\C∞(G) because (1.4) does not hold.
Let us show now that Pu = 0. We know that
P̂u(ξ )mn = (iλm(ξ )−q)û(ξ )mn − pû(ξ̄ )mn.
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It is enough to show that P̂u(ξ j)m jn = P̂u(ξ̄ j)m jn = 0, for all j ∈ N. Indeed, we have
P̂u(ξ j)m jn = (iλm j(ξ j)−q)û(ξ j)mn − pû(ξ̄ j)mn
= (iλm j(ξ j)−q)(iλm j(ξ j)− q̄)− pp̄
=−λm j(ξ j)2 + |q|2 −|p|2 − i2Re(q)λm j (ξ j)
= ∆(ξ j)m j
= 0.
Moreover,
P̂u(ξ̄ j)m jn = (iλm j(ξ̄ j)−q)û(ξ̄ j)mn − pû(ξ j)mn
= (iλm j(ξ̄ j)−q)p− p(iλm j(ξ j)− q̄)
= (−iλm j(ξ j)−q)p− p(−iλm j(ξ j)−q)
= 0.
Therefore Pu = 0 and we conclude that P is not globally hypoelliptic. 
Notice that to construct a singular solution for the equation Pu = 0 in the proof of the last proposition
we define the Fourier coefficient of u at [ξ j] and [ξ j] and this was possible because our assumption that
[ξ ] 6= [ξ ], for all [ξ ] ∈ Ĝ. If [η ] = [η ] for some [η ] ∈ Ĝ, then there exists a unitary matrix A such that
Aη(x) = η(x)A, for all x ∈ G, witch implies that Aû(η) = û(η)A. In this case, we could not define
indiscriminately the values of û at η and at η . In Section 5 we will present this result for a group that
does not satisfy this hypothesis.
Theorem 3.2. Assume that [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ. If P is globally hypoelliptic, then one
of the following conditions holds:
(1) |p|> |q|;
(2) |p|< |q| and Re(q) 6= 0;
(3) ∃M > 0 such that
〈ξ 〉 ≥ M =⇒
∣∣∣λm(ξ )2 − (|q|2 −|p|2)
∣∣∣≥ 〈ξ 〉−M,
for all 1 ≤ m ≤ dξ .
Proof. Let us prove by contradiction. If none of the assumptions are satisfied, then we have two possi-
bilities:
(a) |p|< |q|,Re(q) = 0, and 3. does not hold;
(b) |p|= |q| and 3. does not hold.
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If (a) holds, then
∆(ξ )m =−λm(ξ )2 + |q|2 −|p|2,
and for every k ∈ N, there exists [ξk] ∈ Ĝ such that 〈ξk〉 ≥ k and
|∆(ξk)mk |= |−λmk(ξk)2 + |q|2 −|p|2| ≤ 〈ξk〉−k,




, we also have
|∆(ξ̄k)mk | ≤ 〈ξk〉−k.
If (b) holds, we have
∆(ξ )m =−λm(ξ )2 + i2Re(q)λm(ξ ),
and for every ℓ ∈N, there exists [ξℓ] ∈ Ĝ such that 〈ξℓ〉 ≥ ℓ and
(3.1) |λmℓ(ξℓ)| ≤ 〈ξℓ〉−ℓ,
for some 1 ≤ mℓ ≤ dξℓ . In particular we have |λmℓ(ξℓ)| ≤ 1, for all ℓ ∈N. Notice that
|∆(ξℓ)mℓ |= |λmℓ(ξℓ)|(|λmℓ(ξℓ)|+2|Re(q)|) ≤ (1+2|Re(q)|)〈ξℓ〉−ℓ
for all ℓ ∈ N, and again the same is true for the dual representation ξ̄ℓ.
Hence, in both cases there exist a sequence {[ξk]}k∈N in Ĝ and C > 0 such that 〈ξk〉 ≥ k and
(3.2) |∆(ξk)mk | ≤C〈ξk〉−k, k ∈ N,
for some 1 ≤ mk ≤ dξk . From now we will treat both cases altogether. Moreover, since P is globally
hypoelliptic we may assume, by Proposition 3.1, that there exists L > 0 such that ∆(ξk)mk 6= 0, for all
k ≥ L. Thus
0 < |∆(ξk)mk | ≤C〈ξk〉−k, k ≥ L.
Define




∆(ξ )m if [ξ ] = [ξk] or [ξ ] = [ξ̄k], m = mk
0, otherwise.
By (3.2) we have that { f̂ (ξ )mn} are the Fourier coefficients of a function f ∈C∞(G). Let us construct





iλm(ξ )− q̄+ p if [ξ ] = [ξk] or [ξ ] = [ξ̄k], m = mk
0, otherwise.
Notice that
|û(ξk)mkn| ≤ |λmk(ξk)|+ |p− q̄| ≤C〈ξk〉,
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for all k ∈ N, which implies that u ∈ D ′(G). Moreover,
P̂u(ξk)mkn = (iλmk(ξk)−q)û(ξk)mkn − pû(ξ̄k)mkn
= (iλmk(ξk)−q)(iλmk(ξk)− q̄+ p)− p(iλmk(ξ̄k)− q̄+ p)
= ∆(ξk)mk
= f̂ (ξk)mkn.
Therefore P̂u(ξ )mn = f̂ (ξ )mn, for all [ξ ] ∈ Ĝ, 1 ≤ m,n ≤ dξ . It remains to show that u /∈C∞(G). There
are three situations to be consider:
(I) Re(p− q̄) 6= 0.
Notice that
|û(ξk)mkn| ≥ |Re(û(ξk)mkn)|= |Re(p− q̄)|> 0,
for all k ∈ N, which implies that u /∈C∞(G).
(II) Re(p− q̄) = 0 and Im(p− q̄) 6= 0.
Since λmk(ξ̄k) =−λmk(ξk), we may assume without loss of generality that
sgn(λmk(ξk)) = sgn(Im(p− q̄)),
when λmk(ξk) 6= 0. Hence,
|û(ξk)mkn| ≥ |Im(û(ξk)mkn)|= |λmk(ξk)+ Im(p− q̄)|> |Im(p− q̄)|> 0,
for all k ∈ N, and again we conclude that u /∈C∞(G).
(III) p = q̄.





−λm(ξ )− i2p if [ξ ] = [ξk] or [ξ ] = [ξ̄k], m = mk
0, otherwise.
As before we have u ∈ D ′(G). If Re(p) 6= 0, then
|û(ξk)mkn| ≥ |Im(û(ξk)mkn)|= 2|Re(p)| > 0,
that is, u /∈C∞(G). If Re(p) = 0, then Im(p) 6= 0, because p 6= 0. So,
|û(ξk)mkn|= |λmk(ξk)−2Im(p)|> |Im(p)|> 0,
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for k large enough, where the last inequality comes from (3.1). Hence u /∈C∞(G). Finally,
P̂u(ξk)mkn = (iλmk(ξk)−q)û(ξk)mkn − pû(ξ̄k)mkn
= (iλmk(ξk)− p̄)(−λmk(ξk)− i2p)− p(−λmk(ξ̄k)− i2p)
=−iλmk(ξk)2 +Re(p)λmk(ξk)
= i∆(ξk)mk
= i f̂ (ξk)mkn.
So, P̂u(ξ )mn = i f̂ (ξ )mn, for all [ξ ] ∈ Ĝ, 1 ≤ m,n ≤ dξ , hence Pu = i f , which is a contradiction because
P is globally hypoelliptic. 
In order to apply Theorem 3.2 to give an example of an operator P that is not globally hypoelliptic we
need to verify if the compact Lie group G satisfies the hypothesis [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ.
Since this assumption holds for Td, for any d ∈ N, we conclude that the hypothesis is verified for
Td ×G, for any d ∈ N and any compact Lie group G. We refer [2] and [4] for a detail discussion about
representations of a product of compact Lie groups.





iu(t,x)−u(t,x), (t,x) ∈ T1 ×SU(2),
where ∂0 is the neutral operator on SU(2) as in Example 2.3. We have Ĝ ∼ Z× 12N0 and the symbol of
X := ∂t +∂0 is given by
σX(τ , ℓ)mn = i(τ +m)δmn,
for all τ ∈ Z, ℓ ∈ 1
2
N0, −ℓ≤ m,n ≤ ℓ with ℓ−m, ℓ−n ∈ Z. Clearly conditions 1 and 2 of Theorem 3.2











for τ = 0 and m = 1
2
, so condition 3 does not hold because m = 1
2
appears for all ℓ∈ 1
2
N0 \N0. Therefore
the operator P is not globally hypoelliptic.
Corollary 3.4. Assume that [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ, and |p|= |q|. If P is globally hypoel-
liptic, then G is isomorphic to a torus.
Proof. Since P is globally hypoelliptic, we are in the situation 3. of the Theorem 3.2. Hence, using the
fact the |p|= |q|, there exists M > 0 such that
〈ξ 〉 ≥ M =⇒ |λm(ξ )| ≥ 〈ξ 〉−M,
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for all 1 ≤ m ≤ dξ . This property implies that the vector field X is globally hypoelliptic (Theorem 3.3 of
[5]). Therefore G must be isomorphic to a torus, because the Greenfield-Wallach conjecture is valid for
compact Lie groups, proved by Greenfield and Wallach in [3].

We point out that when G = T2 the results obtained in this section extend the results in [1] about the
global hypoellipticity of the operator
Pu = ∂tu+ c∂xu−qu− pū,
when c ∈ R because ∂t + c∂x ∈ T̂2 and T2 satisfies the hypothesis in Theorem 3.2.
Although the hypothesis Im(c) 6= 0 is a forth condition in Theorems 2.1 and 3.2 on T2 (see Theorem
1, [1]), this does not hold in general for compact Lie groups. For instance, consider the operator
Pu = ∂tu+ c∂0u−qu− pū
defined in G=T2×SU(2), where ∂0 is the neutral operator on SU(2), with c, p,q ∈C satisfying Im(c) 6=
0 and |p|= |q|. The elements on Ĝ can be identified with Z× 1
2
N0 and we have
σ∂0(ℓ)mn = imδmn,
for all ℓ ∈ 1
2
N0, −ℓ≤ m,n ≤ ℓ, ℓ−m, ℓ−n ∈ Z.
Since in T2 we have the property [ξ ] 6= [ξ̄ ], for all non-trivial representations [ξ ] ∈ T̂2, this property
also holds for the product T2×SU(2). In this case we can reply the same argument before the statement
of Theorem 2.1 to obtain
∆(τ , ℓ)m =−|τ + cm|2 + |q|2 −|p|2 − i2Re(q(τ + c̄m)),
for all τ ∈ Z, ℓ ∈ 1
2
N0, −ℓ ≤ m ≤ ℓ, ℓ−m ∈ Z. Moreover, we can easily adapt Proposition 3.1 to this
operator. Hence,
∆(0, ℓ)0 = 0,
for all ℓ∈N, that is, ∆(τ , ℓ)m = 0 for infinitely many representations, which implies that P is not globally
hypoelliptic by Proposition 3.1.
We also can construct a counter-example that satisfies the condition 2. on Theorem 2.1. Consider the
operator
Pku = ∂tu+ ic∂0u−qu− pū,
with c,q ∈R\{0}, and p∈C satisfying |q|2−|p|2 = |c|2k2, with k ∈N. Notice that |p|< |q|, Re(q) 6= 0,
and
∆(τ , ℓ)m =−|τ + icm|2 + |q|2 −|p|2 − i2qτ ,
for all τ ∈ Z, ℓ ∈ 1
2
N0, −ℓ≤ m ≤ ℓ, ℓ−m ∈ Z. Hence,
∆(0,k)k =−|c|2k2 + |q|2 −|p|2 = 0,
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for all k ∈ N, which implies that Pk is not globally hypoelliptic by Proposition 3.1.
4. GLOBAL SOLVABILITY
A natural question that appears on the study of properties of an operator is the existence of solutions,
that is, given f ∈ D ′(G), do there exist u ∈ D ′(G) such that Pu = f ?
For the operator P defined on (1.1) there are some compatibility conditions about which f we can
expect to solve the equation Pu = f . Precisely, if Pu = f , then from (2.3) we have
(4.1) ∆(ξ )mû(ξ )mn = (iλm(ξ )− q̄) f̂ (ξ )mn + p f̂ (ξ̄ )mn,
for all [ξ ] ∈ Ĝ, 1 ≤ m,n ≤ dξ . Therefore, if ∆(ξ )m = 0, the distribution f must satisfy
(4.2) (iλm(ξ )− q̄) f̂ (ξ )mn + p f̂ (ξ̄ )mn = 0,
for every 1 ≤ n ≤ dξ . Consider E the subspace of D ′(G) of distributions that have this property, that is,
E := { f ∈ D ′(G); ∆(ξ )m = 0 =⇒ (iλm(ξ )− q̄) f̂ (ξ )mn + p f̂ (ξ̄ )mn = 0, 1 ≤ n ≤ dξ}.
We call the elements of E admissible distribution for the operator P and we say that P is globally
solvable if for every f ∈ E there exists u ∈ D ′(G) such that Pu = f , that is, P(D ′(G)) = E.
This notion of solvability is different from the one studied on [1], where the authors considered
solvability on spaces of finite codimension. For us, global solvability means to solve the equation
Pu = f , for every f which this equation makes sense in terms of the compatibility condition (4.2).
Given f ∈ E, our goal is to determine u ∈ D ′(G) to obtain Pu = f . By (4.1), when ∆(ξ )m 6= 0 we
have




(iλm(ξ )− q̄) f̂ (ξ )mn + p f̂ (ξ )mn
)
When ∆(ξ )m = 0 we are led to look for the conjugate representation and for this reason we will
assume the condition [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ. Notice that if ∆(ξ )m = 0, then ∆(ξ̄ )m = 0.










for every 1 ≤ n ≤ dξ . Let us check that P̂u(ξ )mn = f̂ (ξ )mn. Indeed, by (2.1) we have
P̂u(ξ )mn = (iλm(ξ )−q)û(ξ )mn − pû(ξ̄ )mn
=−p





= f̂ (ξ )mn
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and
P̂u(ξ̄ )mn = (−iλm(ξ )−q)û(ξ̄ )mn − pû(ξ )mn
= (−iλm(ξ )−q)










Since f ∈ E, we have (−iλm(ξ )+ q̄
p
)
f̂ (ξ )mn = f̂ (ξ̄ )mn,
which implies that
P̂u(ξ̄ )mn = f̂ (ξ̄ )mn = f̂ (ξ̄ )mn,
for all 1 ≤ n ≤ dξ . We point out that the solution given by (4.4) is not unique.
Notice that when ∆(ξ )m = 0, the decay of û(ξ )mn and f̂ (ξ )mn are the same, then in order to guarantee
that u ∈ D ′(G) we need to estimate ∆(ξ )−1m , when ∆(ξ )m 6= 0.
Theorem 4.1. Assume that [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ. Then P is globally solvable if and only
if one of the following conditions holds:
(1) |p|> |q|;
(2) |p|< |q| and Re(q) 6= 0;
(3) ∃M > 0 such that
∣∣∣λm(ξ )2 − (|q|2 −|p|2)
∣∣∣≥ 〈ξ 〉−M,
for all 1 ≤ m ≤ dξ , whenever λm(ξ )2 − (|q|2 −|p|2) 6= 0
Proof. By the previous discussion, given f ∈E we need to proof that the sequence of Fourier coefficients
given by (4.3) and (4.4) defines a distribution u ∈ D ′(G). The proof of the sufficiency has the same
estimates from the proof of Theorem 2 and will be omitted.
To prove the necessity, assume that none of the conditions 1-3 are satisfied. Proceeding analogously
to the proof of Theorem 3.2, we can obtain a sequence {[ξk]}k∈N such that
(4.5) 0 < |∆(ξk)mk | ≤C〈ξk〉
−k,
for some constant C > 0 and 1 ≤ mk ≤ dξk , for all k ∈N. We may assume that ξk 6= ξ̄ℓ, for every k, ℓ ∈N.
Let us construct an admissible distribution f ∈ E such that there is no u ∈ D ′(G) satisfying Pu = f .
Define




p−1, if ξ = ξ̄k and m = mk,
0, otherwise.
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Notice that this sequence of Fourier coefficients define an admissible distribution f ∈ E, because if
∆(ξ )m = 0, then ξ 6= ξk and ξ 6= ξ̄k, for all k ∈ N, by (4.5). Suppose that Pu = f for some u ∈ D ′(G).
Then by (4.1) we have
∆(ξk)mk û(ξk)mkn = (iλmk(ξk)− q̄) f̂ (ξk)mkn + p f̂ (ξ̄k)mkn(4.6)
= (iλmk(ξk)− q̄)0+ pp−1(4.7)
= 1,(4.8)
for all 1 ≤ n ≤ dξk . Hence,
|û(ξk)mkn|= |∆(ξk)mk |−1 ≥C−1〈ξk〉
k,
which contradicts the fact that u ∈ D ′(G). We have shown that there is no u ∈ D ′(G) satisfying Pu = f ,
with f ∈ E, therefore P is not globally solvable, which concludes the proof. 
The next corollary is a direct consequence of Theorem 3.2 and Theorem 4.1.
Corollary 4.2. Assume that [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ] ∈ Ĝ. If P is globally hypoelliptic then P is
globally solvable.
Thus, we have a class of examples of operators P that are globally solvable by considering globally
hypoelliptic operators defined on groups that satisfy the hypothesis about the representations. Let us see
now that the converse does not hold.





iu(t,x)−u(t,x), (t,x) ∈ T1 ×SU(2),
is not globally hypoelliptic. However, this operator is globally solvable by condition 3 of Theorem 4.1.










for some τ ∈ Z and m ∈ 1
2







which implies condition 3 of Theorem 4.1.
Finally, let us see an example of an operator that is not globally solvable.
Example 4.4. Let G = T×SU(2) and α ∈ R be an irrational Liouville number. Consider the operator
Pu(t,x) := ∂tu(t,x)+α∂0u(t,x)− iu(t,x)−u(t,x), (t,x) ∈ T1 ×SU(2).
Notice that P does not satisfy neither condition 1 nor 2 of Theorem 4.1. Assume that P satisfies condition
3, then in particular there exists M > 0 such that
|(τ +αℓ)2| ≥ 〈(τ , ℓ)〉−M,
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for τ ∈ Z and ℓ ∈ N0, (τ , ℓ) 6= (0,0). However, this implies that α is not a Liouville number, so the
operator P is not globally solvable.
In [1] the authors proved that P is globally hypoelliptic if and only if P is solvable. However, since we
are using a different notion of solvability, we do not have this equivalence here, as seen in the previous
example.
By the expressions (4.3) and (4.4) that we have obtained for the solution of the equation Pu = f , we
have the following corollary:
Corollary 4.5. Assume that [ξ ] 6= [ξ̄ ], for all non-trivial [ξ ]∈ Ĝ. If P is globally solvable, then for every
admissible smooth function f ∈ E, there exists u ∈C∞(G) such that Pu = f .
5. THE OPERATOR P ON SU(2)
We have supposed on Proposition 3.1, Theorem 3.2 and Theorem 4.1 that every non-trivial irreducible
unitary representation of the groups is not self-dual. This hypothesis came from the technique that we
have used to prove these results, which was based on the torus case. In this section, we present these
results for SU(2), where we have
[ξ ] = [ξ̄ ],
for all [ξ ] ∈ ŜU(2).
Recall from Example 2.3 that ŜU(2) consists of equivalence classes [tℓ] of continuous irreducible
unitary representations tℓ : SU(2) → C(2ℓ+1)×(2ℓ+1), ℓ ∈ 1
2
N0 and we use the standard convention of
enumerating the matrix elements tℓmn of t
ℓ using indices m,n ranging between −ℓ to ℓ with step one, i.e.










(5.1) Pu := ∂0u−qu− pū,
where ∂0 is the neutral operator, and q, p ∈ C, with p 6= 0. As mentioned in Example 2.3, there is no
loss of generality assuming that the vector field is ∂0 because all vector fields define on SU(2) can be
conjugated to ∂0. We have that
σ∂0(ℓ)mn = imδmn,
for all ℓ ∈ 1
2
N0. Hence, we obtain
P̂u(ℓ)mn = (im−q)û(ℓ)mn − p̂̄u(ℓ)mn
= (im−q)û(ℓ)mn − pû(ℓ̄)mn,
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(5.2) P̂u(ℓ)mn = (im−q)û(ℓ)mn − p(−1)m−nû(ℓ)−m−n
From (2.2) and (2.3) we obtain
∆(ℓ)mû(ℓ)mn = (im− q̄)P̂u(ℓ)mn + pP̂u(ℓ̄)mn
= (im− q̄)P̂u(ℓ)mn + p(−1)m−nP̂u(ℓ)−m−n,(5.3)
where
∆(ℓ)m =−m2 + |q|2 −|p|2 − i2mRe(q).
Proposition 5.1. Either ∆(·)· vanishes for infinitely many representations or ∆(·)· never vanishes.
Proof. Let κ ∈ 1
2
N0 and −κ ≤ r ≤ κ such that κ − r ∈ Z. Hence, we obtain
∆(κ)r =−r2 + |q|2 −|p|2 − i2rRe(q) = ∆(κ + j)r,
for all j ∈ N, because −(κ + j) ≤ −κ ≤ r ≤ κ ≤ κ + j and (κ + j)− r = (κ − r)+ j ∈ Z. Thus, if
∆(κ)r = 0 then ∆(κ + j)r = 0, for all j ∈ N. This means that once ∆(·)· vanishes, it will vanish for
infinitely many other representations. 
Proposition 5.2. We have ∆(ℓ)m 6= 0, for all ℓ ∈ 12N0, −ℓ≤ m ≤ ℓ, ℓ−m ∈ N0 if and only if one of the
following statements holds:
(1) |p|> |q|;
(2) |p|< |q| and Re(q) 6= 0;
(3) ∃M > 0 such that
〈ℓ〉 ≥ M =⇒
∣∣∣m2 − (|q|2 −|p|2)
∣∣∣≥ 〈ℓ〉−M,
for all −ℓ≤ m ≤ ℓ.
Proof. We have seen in the proof of Theorem 2.1 that both conditions 1. and 2. imply that ∆(ℓ)m 6= 0,
for all ℓ∈ 1
2
N0. Notice that condition 3. says that Re(∆(ℓ)m) 6= 0, for all 〈ℓ〉 ≥ M. In particular we obtain
by the last proposition that Re(∆(ℓ)m) 6= 0, for all ℓ ∈ 12N0, which complete the proof of the sufficiency.
Notice that condition 3 is equivalent to
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3’.
√
|q|2 −|p|2 /∈ 1
2
N0.
Indeed, if 3. holds then Re(∆(ℓ)m) 6= 0, for all ℓ ∈ 12N0, which implies 3’. On the other hand, if 3’.
holds than there exists C > 0 such that
|m2 − (|q|2 −|p|2)| ≥C,
for all m ∈ 1
2
Z, which implies 3.
Let us prove now the necessity. If none of these 3 conditions holds, then we have one of the following
possibilities:
(a) |p|< |q|,Re(q) = 0, and 3’. does not hold;
(b) |p|= |q|.
Notice that the case |p| = |q| implies that 3’. does not hold. If we are in the case (a), then we have that
s =
√
|q|2 −|p|2 ∈ 1
2
N0. Hence,
∆(s)s =−s2 + |q|2 −|p|2 − i2sRe(q) = 0,
which contradicts the hypothesis. For the case (b), just notice that ∆(ℓ)0 = 0, for all ℓ ∈N. 
Now we can give the sufficient and necessary condition for the global hypoellipticity of the operator
P defined on SU(2).
Theorem 5.3. The operator P is globally hypoelliptic if and only if ∆(ℓ)m 6= 0, for all ℓ ∈ 12N0, −ℓ ≤
m ≤ ℓ, ℓ−m ∈ N0.
Proof. The sufficiency follows from Theorem 2.1 and Proposition 5.2.
Assume now that ∆(ℓ)m = 0 for some ℓ ∈ 12N0, −ℓ ≤ m ≤ ℓ,ℓ−m ∈ N0. Let us proceed by contra-
diction to prove the necessity. Following the proof of Proposition 5.2, we have one of the following
possibilities:
(a) |p|< |q|,Re(q) = 0, and
√












0, if m2 6= s2
is− q̄, if m = s
p(−1)−s−n, if m =−s.
Clearly we have u ∈ D ′(SU(2)). Moreover, this distribution does not come from a smooth function
because |û(s+ j)−sn|= |p| 6= 0, for all j ∈ N0. By (5.2) we have
P̂u(ℓ)mn = (im−q)û(ℓ)mn − p(−1)m−nû(ℓ)−m−n
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Hence, if m2 6= s2 we obtain P̂u(ℓ)mn = 0. For m = s we have
P̂u(ℓ)sn = (is−q)û(ℓ)sn − p(−1)s−nû(ℓ)−s−n
= (is−q)(is− q̄)− p(−1)s−n p̄(−1)−s+n
=−s2 + |q|2 −2isRe(q)−|p|2
= 0.
For m =−s we have
P̂u(ℓ)−sn = (−is−q)û(ℓ)−sn − p(−1)−s−nû(ℓ)s−n
= (−is−q)p(−1)−s−n − p(−1)−s−n(−is−q)
= 0.
Therefore Pu = 0, which is a contradiction by the hypothesis about the global hypoellipticity of P.





0, if m 6= 0
0, if m = 0 and n = 0
−q̄, if m = 0 and n > 0
p(−1)−n if m = 0 and n < 0.
Similarly to the previous case we have u ∈ D ′(SU(2))\C∞(SU(2)). Again by (5.2), when m 6= 0 we
have P̂u(ℓ)mn = 0. For m = 0 and n > 0 we obtain
P̂u(ℓ)0n = (−q)û(ℓ)0n − p(−1)−nû(ℓ)0−n
= (−q)(−q̄)− p(−1)−n p̄(−1)n
= |q|2 −|p|2
= 0.
For m = 0 and n < 0, we have
P̂u(ℓ)0n = (−q)û(ℓ)0n − p(−1)−nû(ℓ)0−n
= (−q)p(−1)−n − p(−1)−n(−q)
= 0.
Finally, for m = n = 0 we have
P̂u(ℓ)00 = (−q)û(ℓ)00 − pû(ℓ)00 = 0.
We conclude that Pu = 0, which contradicts the global hypoellipticity of P. 
Example 5.4. The following operators on SU(2) are globally hypoelliptic:
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(1) P1u := ∂0u−u−2u, (|p|> |q|);
(2) P2u := ∂0u−2u− iu, (|p|< |q| and Re(q) 6= 0);
(3) P3u := ∂0u−3i−u, (
√
|q|2 −|p|2 /∈ 1
2
N0).
The following operators on SU(2) are not globally hypoelliptic:
(1) Pau := ∂0u−5iu−4u, (|p|< |q|,Re(q) = 0, and
√
|q|2 −|p|2 ∈ 1
2
N0);
(2) Pbu := ∂0u− (1+ i)u−
√
2iu, (|p|= |q|).
Let us investigate the global solvability of the operator P on SU(2). By (5.3) we have
∆(ℓ)mû(ℓ)mn = (im− q̄)P̂u(ℓ)mn + p(−1)m−nP̂u(ℓ)−m−n,
so the space of the admissible distributions for the operator P on SU(2) is given by
E := { f ∈ D ′(G); ∆(ℓ)m = 0 =⇒ (im− q̄) f̂ (ℓ)mn + p(−1)m−n f̂ (ℓ)−m−n = 0, −ℓ≤ n ≤ ℓ}.
Hence, we say that the operator P is globally solvable if for every f ∈E there exists u ∈D ′(SU(2)) such
that Pu = f .
Given f ∈ E, notice that when ∆(ℓ)m 6= 0 we can define




(im− q̄) f̂ (ℓ)mn + p(−1)m−n f̂ (ℓ)−m−n
)
and we get P̂u(ℓ)mn = f̂ (ℓ)mn. When ∆(ℓ)m 6= 0 we have at least one of the following:
• Im(∆(ℓ)m) 6= 0.
In this case, 2mRe(q) 6= 0, so Re(q) 6= 0 and
|∆(ℓ)m| ≥ |Im(∆(ℓ)m)|= |2mRe(q)| ≥ |Re(q)| =C1 > 0
because m ∈ 1
2
N0 and m 6= 0.
• Re(∆(ℓ)m) 6= 0.
Since m ∈ 1
2
N0, there exists C2 > 0 such that |−m2 + |q|2 −|p|2| > C2, whenever m ∈ 12N0 satisfying
−m2 + |q|2 −|p|2 6= 0. Hence,
|∆(ℓ)m| ≥ |Re(∆(ℓ)m)|= |−m2+ |q|2 −|p|2| ≥C2 > 0.
Thus, if ∆(ℓ)m 6= 0, there exists C > 0, which does not depend neither on ℓ nor on m, such that
|∆(ℓ)m|>C.
Therefore the estimates for û(ℓ) defined on (5.4) are similar to the estimates for f̂ (ℓ).
We still need to analyze the case where ∆(ℓ)m = 0. First, assume that ∆(ℓ)s = 0 with s 6= 0. Notice






û(ℓ)−sn =− p̄−1(−1)s+n f̂ (ℓ)s−n,
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Let us verify that P̂u(ℓ)sn = f̂ (ℓ)sn and P̂u(ℓ)−sn = f̂ (ℓ)−sn, for all −ℓ≤ n ≤ ℓ. We have
P̂u(ℓ)sn = (is−q)û(ℓ)sn − p(−1)s−nû(ℓ)−s−n
= (is−q)0+ p(−1)s−n p̄−1(−1)s−n f̂ (ℓ)sn
= f̂ (ℓ)sn
and
P̂u(ℓ)−sn = (−is−q)û(ℓ)−sn − p(−1)−s−nû(ℓ)s−n
= (−is−q)(− p̄−1(−1)s+n f̂ (ℓ)s−n)+ p(−1)s−n0
= (is− q̄)(−p−1(−1)s+n f̂ (ℓ)s−n)
= f̂ (ℓ)−sn,
where the last step follows from the fact that f ∈ E. Finally, let us consider the case where ∆(ℓ)0 = 0.





0, if n > 0;
−(2q)−1 f̂ (ℓ)00, if n = 0;
− p̄−1(−1)n f̂ (ℓ)0−n, if n < 0.
When n > 0, we have
P̂u(ℓ)0n =−qû(ℓ)0n − p(−1)−nû(ℓ)0−n
= (−q)0+ p(−1)−n p̄−1(−1)−n f̂ (ℓ)0n
= f̂ (ℓ)0n
On the other hand, when n < 0, we obtain
P̂u(ℓ)0n =−qû(ℓ)0n − p(−1)−nû(ℓ)0−n
=−q(− p̄−1(−1)n f̂ (ℓ)0−n)+ p(−1)−n0
= q̄(p−1(−1)n f̂ (ℓ)0−n)
= f̂ (ℓ)0n,
because f ∈ E. Similarly, for n = 0 we have
P̂u(ℓ)00 =−qû(ℓ)00 − pû(ℓ)00
= (−q)(−(2q)−1 f̂ (ℓ)00)+ p(−(2q)−1 f̂ (ℓ)00)
= f̂ (ℓ)00.
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Therefore given f ∈ E, we were able to construct u such that P̂u(ℓ) = f̂ (ℓ), for all ℓ ∈ 1
2
N0. Moreover,
by the expressions (5.4), (5.5) and (5.6), we conclude that u has decay (and growth) similar to f . Hence,
we have proved the following theorem:
Theorem 5.5. The operator P : D ′(SU(2))→ D ′(SU(2)) given by
Pu := ∂0u−qu− pū,
with q, p ∈ C, p 6= 0, is globally solvable. Moreover, if f is an admissible smooth function, then there
exists u ∈C∞(SU(2)) such that Pu = f .
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